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Detailed Architecture of Generator and Discriminator

A diagram of the structure of the discriminator and generator of the three-parameter case is presented in Fig. S1. The
orange arrows denote the downsampling direction, executed by the convolution neural network (CNN), and the blue arrows
indicate the upsampling direction, executed by the transposed convolution neural network.

We adopt a structure similar to deep convolutional generative adversarial networks (DCGAN)" for our discriminator.
Here, we replace batch normalization with instance normalization. This change is due to the impact of batch normalization
that alters the problem formulation for the discriminator. Changes the mapping from a single input to a single output to
that of an entire batch of inputs to a batch of outputs’!, which makes the penalized training objective no longer valid in this
network architecture. The embedding network consists of three fully connected layers with 16 channels, using conditional
batch normalization’? for convolutional feature maps.

We use three latent codes, c1,c2,c3, to extract different types of geometric features related to the target properties. The
first two latent codes, c¢; and ¢;, are mapped to the embeddings by the embedding networks. Then these embeddings are
injected into the 1 x 1 and 16 x 16 feature layers with conditional batch normalization mechanism, respectively.The size of
the receptive field for c; is 64 x 64, which helps capture the global injection information, while for ¢;, the size of the receptive
field whose size is 19 x 19, extracts the local information. As for c3, its main objective is to capture periodic features such
as orientations of anisotropy. For this reason, we take the sine and cosine values of c3 and then inject the values into the
generator’s § x 8 layer.

Note that we take scale-free input noise templates and latent codes as the input for the generator. To control the local
microstructure, the input mechanism of the local latent codes should align each local input noise template using the condi-
tional batch normalization mechanism. This method allows for the design of functionally graded materials, as illustrated in
Fig. S8 S9 S10, and the flexible modification of the local multi-physical properties.

Fabrication and measurement

To further validate the prediction of our approach, we first fabricated the designed materials and then measured their
mechanical properties. To do so, we first generate material images using the GNDM. We selected 10 parameter sets for
validation S1. We binarize the output image, in which the binary matrix (1-0) represents the soft and hard phases, with “1"
indicating the hard phase and “0" indicating the soft phase. To prepare the testing samples, we generated material images,
which were subsequently converted into 3D test samples by extending them to a thickness of 10 pixels using 3D modeling
software.

Each specimen had a 16 mm-long, 16 mm-wide gauge section with a uniform thickness of 2 mm, transitioning through
smooth fillets to 24 mm-wide, 4 mm-thick grip ends; the overall end-to-end length was 66.4 mm. The transverse directions,
axial (loading) and thickness are designated x, y and z, respectively, to preserve a consistent frame of reference for both
experiments and finite-element modeling.

Dog-bone-shaped tensile coupons were additively manufactured on a Stratasys® Objet500 Connex3™ multimaterial
PolyJet® 3D printer (materialjetting technology). A dualmaterial build strategy was employed to represent a compliant/rigid
composite: the soft phase was printed with AGILUS photopolymer, while the rigid phase was printed with VeroPureWhite
photopolymer.

To probe the directional elastic response, two principal print orientations were defined relative to the printers Xscan direc-
tion to characterise the builddirection anisotropy of the additively manufactured material. In the longitudinal (L) configuration,
the coupons gauge axis was aligned with the printers Xscan, i.e., the principal raster direction. In the transverse (T) configu-
ration, the coupon was rotated 90° about the build (z) axis so that its gauge axis lay perpendicular to the raster direction.

Mechanical testing was conducted on a Mark10 motorised universal test stand (model ESM750) outfitted with interchange-
able Mark10 Series load cells rated at SON and 1kN. A constant crosshead displacement rate of 2mm-min~—! was applied.
Eight highcontrast markers were bonded to the front face of every specimen before testing. One marker was placed at each cor-
ner of the gauge section (upperleft, upperright, lowerleft, lowerright), and the remaining four were positioned at the midpoints
of the corresponding edges. The experimental process in the tensile test was recorded by a fixed video camera, capturing the
entire deformation process at one frame per second.

To compute the stiffness matrix, we first applied an imageprocessing algorithm (OpenCV??) to track the temporal positions
of the fiducial markers AH on each specimen, as shown in Fig. S3, obtaining their coordinates [x;(z), y;(z)] in every frame.
The longitudinal strain &, was calculated from the change in vertical gauge lengths using

Ly(t) = Lyo

, (10)
Ly

&(t) =

where Ly is the initial longitudinal length. Specifically, the vertical distances AD, BE, and CF were used to compute three
longitudinal strains, while GH was used to compute the transverse strains.



The tensile force F(r) was recorded simultaneously by the testing machine, and the stress was obtained as

o(t)=—", (1)

where A is the crosssectional area of the specimen. Stressstrain curves were then constructed using the longitudinal strains
and the corresponding stresses. To compute the stiffness matrix E, we define it as

Eyy Ep
E = . 12
{EZI Ezz] (12)

Each component is obtained from the experimental stressstrain data as follows: From the longitudinal (L) specimens, the
average of AD, BE, and CF yields E1;, while GH yields E1,. Similarly, from the transverse (T) specimens, repeating the same
procedure provides E; and E»;. Finally, eigenvalue analysis of the stiffness matrix allowed the determination of the maximum
Youngs modulus and the anisotropy angle. The tensile force F(¢) was recorded simultaneously by the testing machine, and
the stress was obtained as

13)

where A is the cross-sectional area of the specimen. Stressstrain curves were then constructed using the measured strains and
the corresponding stresses. Each component was obtained from the tangent modulus extracted from fitted stressstrain data.
Let €1, and er denote the longitudinal and transverse strains, and oy and or the corresponding stresses for specimens loaded
along the longitudinal (L) and transverse (T) directions. In the small-strain regime we approximate the response locally as

do;
OL| _ En En| & , Sothat E;j= - .
or Ey  Exn| |ér € |,

For each specimen orientation (L and T), the G€ curves were fitted (least squares) over a small initial strain window, and the
derivatives of the fits at the reference strain provided E11 and E1, from the L tests and Ey; and E»y from the T tests. Finally,
eigenvalue analysis of E was used to determine the maximum Youngs modulus and the anisotropy angle 6.

Fitting the phenomenological formula
We use second-order polynomials as the phenomenological formula in single-parameter cases. To be specific, in the case
of single-parameter, the phenomenological formula of code ¢; adopts the following form:

E =ac; +arc3 + a3, (14)

where E is the relative Young’s modulus, the ratio of the effective Young’s modulus of the composite over that of the hard
material, and ay,a;, a3 are three non-dimensional coefficients to be fitted. After the process of self-learning, we obtained that
a1 =0.177, ap = 0.022 and a3 = 0.128.

In the case of three-parameter, three latent codes (c1,c2,c3) are used to fit the probability parameters of target material
properties. xp,xp,x3 represent the relative maximum Young’s modulus and the relative orientation of the principal modulus,
respectively. We use second-order polynomials to fit ¢, ¢y with x1,x,, and trigonometric function to fit ¢3 in the phenomeno-
logical formula. The phenomenological formula is expressed as follows:
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X2 =| ay axn a3 aau 0 o [+ b (15)
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where aj;s and bjs are the non-dimensional coefficients to be fitted. The use of sine functions are to take into account the fact
that orientation is a periodic variable.

The input and output mechanism of the generator for the latent codes is illustrated in Figure S1. The first two latent codes,
c1 and ¢, are input and output from the 1 x 1 and 16 x 16 feature layers, respectively. We process the latent code c¢3 using
trigonometric functions, and its sine and cosine function values are introduced into the generator in the 8 x 8 layer. By learning
the relationship between geometric features and properties, we obtained the following result. The results are shown in Fig. 4:



i

X1 0.1059 0.1598 —0.070 0.0488 0 c? —0.0005
X2 = | 0.0193 —-0.017 0.1069 0.0420 0 c |+ 0.1711 (16)
arcsin (x3) 0 0 0 0 —0.6731 3 1.1491
c3

Training time, computational resources

In our current implementation, a single training run takes approximately 43,000 seconds. The training was conducted on a
personal workstation equipped with an Intel® Xeon® W-1270P CPU and a Quadro RTX 5000 GPU, with 2 GB of GPU mem-
ory utilized. The inference time for generating 500 material samples is approximately 0.0196s for 64 x 64 samples, 0.0275s
for 128 x 128 samples, and 0.0416s for 256 x 256 samples. Regarding training time, the majority of the computational cost
arises from evaluating the maximum stiffness and anisotropy directions via FEM simulations, rather than from neural network
training or specific surface area calculations. As the system size increases, the primary bottleneck is the FEM computation,
and the overall runtime scales proportionally with the FEM simulation cost. This bottleneck could potentially be mitigated
in future work by employing parallel FEM solvers. We also note that if the focus shifts to other material properties, the com-
putational profile may change accordingly. Properties with higher computational complexity will dominate the total runtime,
whereas properties that are easier to compute will result in training times that are less sensitive to system size. Regarding com-
putational resources, GPU usage is primarily driven by the convolutional neural network used to process the material images.
As the system resolution increases, deeper networks with more parameters are required, leading to GPU memory consump-
tion that approximately grows quadratically with the material size due to the stacking of multiple convolutional layers. This
memory usage can be controlled by adjusting the batch size during training. CPU usage is dominated by FEM computations
and scales with the computational cost of the corresponding finite element analyses.

Calculation of effective elastic tensor
We follow the classical treatment of asymptotic homogenization to calculate the effective elastic tensor of heterogeneous
materials>*. We start with a strong form of the boundary value problem on a composite domain given as:

o-iz}:',j +b5 =0 on Q° (17a)

of = Liyed on Q¢ (17b)
c_ ¢ _ oo ¢

eh=ub,=> (um. tu ”.) on QF (17¢)

opns =1¢ on 9O (17d)

u,g = L?IC on 9Q“ (17e)

00 U0 = 00% and 9Q NIQ =0 (17f)

The fourth-order tensor I denoted as the constitutive tensor satisfying conditions of symmetry and positivity, represents the
stiffness coefficients for linear elasticity. For heterogeneous materials, the material coefficients depend on the coordinates. In
this case, the governing equations can be expressed as follows:

(Lijiaugp),j+bi =0, (18)
where vector b represents the body force, and vector u represents the displacement. Two coordinate vectors are defined: x as

the coarse-scale position vector; and y as the fine-scale position vector. These two coordinates are related by y = x/{ with
0 < § < 1. Consider the following displacement field ansatz:

wi(x) = u” (x,y) + CulY () + Cul (x,3) + 0(83) (19)

and plug that into the equilibrium equation 17a, we have the following:

JoXj ij.yj s ij.yj

{20+ ¢! (GI.H_) +a¥ ) + (c,.(pij Y b,-) +0(¢) =0. (20)



For the above equation to hold, we need:
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By integrating over a single cell region on both sides of the equation of O({~2), employing integration by parts, utilizing
periodic boundary conditions, and considering the positive definiteness of L, the simplified equilibrium formula of O({ ') is
obtained:

0 0 1
Sl (e) = L) (4 ) +uii, () | =0 22)
’ Yj
By employing a separation of variables approach to solve the equation and introducing a control equation, we derive:

) (x,y) = H" ()l (x) (23)

(m,xn)

Utilizing the periodic boundary conditions of the microstructure, numerical solutions can be obtained.
(L) (B + B2, )| =0 4
where:
Timn = % (km Ot ~+ Skn ) (25)

where Jy,, represents the Kronecker delta. We find H""(y) on © of unit cell problem :

|:Lijk[ (H(n]znvl) + [klmn)} =0on0® (262)
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and [ is a period. With homogenization theory, the effective elastic tensor can ultimately be expressed as:
E"(v) = Lamn + H', (0) 27)

The calculation of the maximum Young’s modulus and corresponding orientation
Here, we briefly describe how to calculate the maximum Young’s modulus and its orientation. According to Hooke’s law,
the stress-strain relationship of the material can be expressed as:

0ij = Lijeere (i) = 1,2), 28)
or reversely by:
&j = SijkeOke (i,j =1,2) (29)

where L is the elastic stiffness tensor and S is the compliance tensor. Now, suppose we adopt the following Voigt notation, i.e,

o1 €11
{o}=9 00 », {e}=¢ & ;, (30
o2 2€12

then both L and S can be represented by 3 x 3 matrices. Consider the following rotation in a 2D Cartesian coordinate system:

cos® sinH
A= [ —sin® cos@ }’ @1



which can be seen also as a coordinate transformation. The components of the strain tensor after such transformation are:
!/
& = AiA jo€r, (32)

and in Voight notation, the above relation can be replaced by:

{e} = [Nl{e}, (33)
with
AL A} AnAi
[N] = A3, A, Ar 1A ; (34)

2A11A21 2ApA2 AnlAn+ApAx
and the transformation rule for the compliance matrix is:
[S]" = [N]SI[V]T (35)

Therefore, in principle, by rotating the coordinate system, the principal modulus/compliance direction can be determined.
Due to symmetry, we only need to calculate half of the orientation range. Dividing this range into n equal parts, we calculate
the material’s Young’s modulus in each rotated direction. The maximum value of calculated Young’s modulus among these
directions is the maximum Young’s modulus, and its corresponding orientation is the orientation for the maximum Young’s
modulus.

Additional test on materials with circular-inclusions.

To examine the applicability of our framework beyond Gaussian Random Fields (GRFs), we conducted additional tests on
materials with circular inclusion-type microstructures. These structures were generated by dividing the RVE into a 4 x 4 grid,
as shown in Fig. S10 (a), within which each cell contains a randomly placed circular inclusion. The radius of each inclusion
was sampled from a predefined probability distribution to induce variability in inclusion size and volume fraction.

Using our GNDM model, we observed that the learned latent variable c is able to capture the geometric characteristics
related to inclusion fraction and correlated them with the effective modulus of the composite. Specifically, we found that as
the inclusion area fraction increased, the effective modulus also increased, with a nonlinear proportional relationship reflected
clearly in the learned latent space (Fig. S11 (c)). As shown in Fig. S11 (b), representative microstructures synthesized by
sweeping a single latent coordinate ¢ from O to 1 . Increasing c¢; produces a smooth transition from sparse/small inclusions
to dense/large arrays. These results confirm that our framework can generalize to microstructures beyond GRFs and remain
effective in discovering interpretable, data-driven relationships between geometry and material properties.

Tables, figures

Table S1: Experimental results.

Figure. S1: A schematic diagram of the discriminator and the generator structures.

Figure. S2: Numerical data clusters for each pair of properties of three sets of parameters in three-parameter case.

Figure. S3: Tensile testing measurement definitions.

Figure. S4: Numerical simulation and target comparison.

Figure. S5: Effect of microstructure size on matching target properties.

Figure. S7- S7: Property distributions of the design parameters for three microstructure sizes (64 x 64,128 x 128,256 x256)
for selective parameters in experiment.

Figure. S8- S10: Functional gradient materials with Young’s modulus, relative surface area and the orientations.

Figure. S11: Circular-inclusion microstructures illustration.



Table S1. Experimental results. Each data in the experimental results was obtained by testing three fabricated specimens

for same samples. The upper and lower bounds of the reported experimental values were determined as the mean + one
standard deviation, calculated from the three measurements. Target denotes the material properties predicted using the

phenomenological formula, “Exp” represents the properties obtained from experimental measurements, “FEM” corresponds

to the properties computed via finite element simulations, and “Num” indicates the properties obtained through numerical

calculations.
group ( EhE " 9l"arget (O) RSTarget ( Ef d) eExp (O) (EL) OrEM RSNum
ar ard / Exp hard / FEM
1 0.494 111.210 0.167 0.600 4+ 0.020 125.303 4+ 4.615 0.545 100.678 0.131
1 0.494 111.210  0.167 0.571 +0.152 105417 + 5.271 0.546 100.678 0.127
1 0.494 111.210  0.167 0.590 £ 0.109 113.244 + 2.539 0.544 97.627 0.128
1 0.494 111.210  0.167 0.531 = 0.057 116.999 £ 11.476 0.544 97.627 0.130
1 0.494 111.210 0.167 0.466 £0.049 120.292 4+ 6.570 0.495 97.627 0.143
2 0.029 2.866 0.136 0.022 +0.000 18.505 + 1.397 0.028 9.153 0.177
2 0.029 2.866 0.136 0.018 +0.001 18.720 4+ 1.953 0.028 9.153 0.175
2 0.029 2.866 0.136 0.016 + 0.000 24.074 4+ 1.970 0.025 9.153 0.166
2 0.029 2.866 0.136 0.027 £ 0.004 15.244 + 5.418 0.029 12.203 0.176
2 0.029 2.866 0.136 0.022 +0.002 19.575 + 3.838 0.027 9.153 0.173
3 0.029 134.140 0.198 0.082 +0.007 131.695 4 2.445 0.062 137.288 0.190
3 0.029 134.140 0.198 0.073 & 0.006  133.277 + 0.759 0.054 137.288 0.186
3 0.029 134.140  0.198 0.073 £ 0.010 132.079 £ 2.478 0.057 140.339 0.191
3 0.029 134.140  0.198 0.070 + 0.010  121.483 £ 2.489 0.055 143.390 0.189
3 0.029 134.140  0.198 0.073 £ 0.001  129.025 £ 4.419 0.063 140.339  0.193
4 0.029 98.025 0.198 0.037 £0.000 118.707 &+ 1.076 0.044 97.627 0.201
4 0.029 98.025 0.198 0.052 £ 0.002 115.720 4 2.350 0.061 100.678 0.201
4 0.029 98.025 0.198 0.046 + 0.002 112.040 + 0.686 0.051 97.627 0.197
4 0.029 98.025 0.198 0.046 + 0.002 106917 + 1.824 0.059 94.576 0.197
4 0.029 98.025 0.198 0.043 +0.002 111.835 £ 0.428 0.050 100.678  0.203
5 0.174 2.866 0.222 0.110 £0.017 18.590 £+ 4.378 0.157 3.051 0.133
5 0.174 2.866 0.222 0.095 £ 0.009 5.767 +2.413 0.166 3.051 0.139
5 0.174 2.866 0.222 0.088 +0.009 5.604 + 4.322 0.164 12.203 0.136
5 0.174 2.866 0.222 0.093 + 0.007 20.966 4+ 10.764 0.139 9.153 0.137
5 0.174 2.866 0.222 0.156 + 0.007 6.714 £5.454 0.149 6.102 0.133
6 0.070 146.752 0.222 0.140 £0.008 154.019 + 2.701 0.112 152.542 0.191
6 0.070 146.752 0.222 0.108 £0.003 153.894 4+ 0.615 0.117 146.441 0.193
6 0.070 146.752 0.222 0.091 & 0.005 160.545 + 3.441 0.127 149.491 0.192
6 0.070 146.752  0.222 0.114 +0.005 149.629 + 1.164 0.104 146.441 0.199
6 0.070 146.752  0.222 0.120 + 0.007  150.781 + 3.504 0.126 152.542  0.190
7 0.075 36.688 0.190 0.037 + 0.004 32.122 4 3.687 0.053 18.305 0.145
7 0.075 36.688 0.190 0.050 +0.003  39.407 + 0.648 0.063 33.559 0.139
7 0.075 36.688 0.190 0.046 4+ 0.004 41.008 + 3.387 0.048 24.407 0.138
7 0.075 36.688 0.190 0.065 + 0.002 38.723 4+ 1.419 0.051 45.763 0.144
7 0.075 36.688 0.190 0.056 + 0.004 41.417 4+ 3.124 0.071 21.356 0.139
8 0.128 14.331 0.246 0.057 £ 0.004 18.199 + 1.436 0.122 18.305 0.204
8 0.128 14.331 0.246 0.080 £0.007 23.741 £ 2.985 0.148 24.407 0.206
8 0.128 14.331 0.246 0.092 £0.005 19.193 +3.874 0.136 18.305 0.209
8 0.128 14.331 0.246 0.062 + 0.005 19.616 + 3.671 0.121 18.305 0.208
8 0.128 14.331 0.246 0.058 +0.002 22.897 4+ 0.824 0.113 18.305 0.206
9 0.139 171.401  0.114 0.062 +0.007 165.532 + 2.814 0.131 164.746  0.122
9 0.139 171.401 0.114 0.055 £0.004 174.028 4+ 1.496 0.153 170.847 0.119
9 0.139 171.401 0.114 0.105 £0.011 158.918 4+ 2.859 0.156 173.898 0.118
9 0.139 171.401 0.114 0.118 £20.015 151.360 4+ 12.431 0.113 152.542 0.123

Continued on next page




Table S1. Experimental results. Each data in the experimental results was obtained by testing three fabricated specimens
for same samples. The upper and lower bounds of the reported experimental values were determined as the mean + one
standard deviation, calculated from the three measurements. Target denotes the material properties predicted using the
phenomenological formula, “Exp” represents the properties obtained from experimental measurements, “FEM” corresponds
to the properties computed via finite element simulations, and “Num” indicates the properties obtained through numerical
calculations.

E (e) E (o) E

group (Ehﬂrd )Target erarget ( ) RSTarget (Ehafd ) Exp GEXP ( ) (m) FEM Orem RSNum
9 0.139 171.401 0.114 0.101 £0.011 159.882 + 2.969 0.127 176.949 0.122
10 0.436 145.605 0.089 0.360 £ 0.029 168.431 +=0.910 0.456 152.542 0.093
10 0436 145.605 0.089 0.445 +£0.008 160.110 + 2.249 0.419 155.593 0.099
10 0.436 145.605 0.089 0.347 £0.015 167.065 + 1.868 0.426 155.593 0.098
10  0.436 145.605 0.089 0411 £0.015 165.392 +5.219 0.392 152.542  0.098
10 0436 145.605 0.089 0.493 £0.013 166.750 + 3.319 0411 152.542 0.101
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Figure S1. Network architecture of the discriminator and the generator. Discriminator (left): an input microstructure
of size 64x? is downsampled through 32x%, 16x2, 8x2, and 4x? stages with {64,128,256,512} channels, followed by a binary
real/fake head. Generator (right): an x” input source is upsampled through 4x?/512 — 8x% /256 — 16x% /128 — 32x? /64 to
synthesize a 64x> microstructure. Conditioning variables c¢; and c; pass through two-layer fully connected embedding
networks (16 units each) and are concatenated (&) with the corresponding feature maps; the angular parameter c3 is encoded
as [cos(c3), sin(c3)] and injected at intermediate layers. Here, x denotes the base spatial resolution.
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parameter sets, revealing distinct clusters and pairwise correlations between properties.
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Figure S6. Property distributions of different groups of disordered material samples. Property distributions of the
design parameters for three microstructure sizes (64 x 64,128 x 128,256 x256) for the first five sets of parameters.
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Figure S7. Property distributions of different groups of disordered material samples. Property distributions of the
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Figure S8. Functionally gradient materials with Young’s modulus decreasing from top to bottom.

Figure S9. Functionally gradient materials with the relative surface area increasing from left to right.
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Figure S10. Functionally gradient materials with varying orientations of maximum Young’s modulus.
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Figure S11. Additional validation of GNDM on materials with random circular-inclusions. a, Material
microstructures of two-phase composites containing circular inclusions with random radii. b, Representative microstructures
synthesized by sweeping a single latent dimension ¢; from O to 1 . Designs are ordered left-to-right; increasing ¢; produces a
smooth transition from sparse/small inclusions to dense/large inclusions (color bar indicates the value of ¢ ). ¢, Effective
in-plane stiffness normalized by the matrix modulus, E /Ep,d , versus ¢y, the solid curve shows the learned
phenomenological formula.

Movie captions

Movie S1. Al-generated disordered microstructures with various target properties. By varying each dimension of
the latent code ¢ stepwise, the generated material microstructures transition gradually.

Movie S2. A composite cat with a heterogeneous distribution of material properties. The model generates structures
with spatially varying local properties; applying loads at different locations induces distinct local deformation responses.
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