ARTICLE

Invariant and smooth limit of discrete geometry
folded from bistable origami leading to multistable
metasurfaces

Ke Liu 1, Tomohiro Tachi? & Glaucio H. Paulino® 3

Origami offers an avenue to program three-dimensional shapes via scale-independent and
non-destructive fabrication. While such programming has focused on the geometry of a
tessellation in a single transient state, here we provide a complete description of folding
smooth saddle shapes from concentrically pleated squares. When the offset between square
creases of the pattern is uniform, it is known as the pleated hyperbolic paraboloid (hypar)
origami. Despite its popularity, much remains unknown about the mechanism that produces
such aesthetic shapes. We show that the mathematical limit of the elegant shape folded from
concentrically pleated squares, with either uniform or non-uniform (e.g. functionally graded,
random) offsets, is invariantly a hyperbolic paraboloid. Using our theoretical model, which
connects geometry to mechanics, we prove that a folded hypar origami exhibits bistability
between two symmetric configurations. Further, we tessellate the hypar origami and harness
its bistability to encode multi-stable metasurfaces with programmable non-Euclidean
geometries.
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he goal of programming non-Euclidean geometry from flat

sheets is to control its shape, which usually involves a mix

of art and technology. For instance, in thin shells, local
geometric incompatibilities lead to out-of-plane buckling to cre-
ate various three-dimensional shapes. Such phenomena abound
in nature, e.g., wavy flowers and leaves!2, the growth pattern of
guts?, and the wrinkles on our brains? Persistent efforts have
been made to harness the buckling of thin shells into non-
Euclidean shapes toward a range of applications®~’. Although the
underlying mechanism is different, principles of origami (folding)
can also be used to transform thin flat sheets into non-Euclidean
shapes through purely isometric deformations at the local level
(i.e., no stretching or cutting)3-13. For example, origami has been
used to achieve structures with various interesting mechanical
properties, such as tunable Poisson’s ratio!4-10, programmable
stiffness!720, and multi-stability?!-2%. As a result, origami has led
to major advances in multi-functional structures and program-
mable metamaterials20-28,

While it is natural to imagine smooth surfaces arising from
curved folds!1132%; discrete folds can also converge to smooth
surfaces, which has been demonstrated using the Miura tessella-
tion3 and the pleated hyperbolic paraboloid (hypar) origami30-32,
Here we focus on the latter, which is obtained by folding a piece
of paper along concentric squares and their diagonals to arrive at
a seemingly smooth saddle shape. Unlike conventional origami
patterns used to generate non-Euclidean shapes®-10, the hypar
origami does not arise from a tessellated pattern, and thus has no
periodic unit cells. The hypar origami is popular in decorative
arts, owing to its aesthetic shape, simple pattern, and its tolerance
to geometric variations, as demonstrated in Fig. 1. The hypar
pattern possesses attractive mechanical properties, such as
structural bistability3334. Interestingly, the two stable configura-
tions of a hypar origami are symmetric to each other, which
makes it a promising platform for multi-functional devices or
metasurfaces.

Despite its aesthetic appeal and potential for technological
applications, a comprehensive understanding of the hypar ori-
gami remains elusive because of the challenges associated with it
being a non-rigid origami with non-periodic pattern. In an
attempt to gain a deeper theoretical understanding of the hypar
origami and use it for engineering applications, we aim to answer
the following questions: can we prove, theoretically, that the
actual folded shape of the hypar origami is a hyperbolic para-
boloid? How does the local deformation of each panel relates to
the global shape of the pattern? What are the conditions for the

bistability to exist? How can we use the hypar pattern to create
metasurfaces?

In what follows, we develop a theoretical model of the geo-
metry and mechanics of the pleated hyperbolic paraboloid
(hypar) origami, and compare the results with numerical simu-
lations and experiments. Instead of looking at certain transient
states, we construct a complete analytical description of folding
concentric squares by homogenizing local folds to establish a
differential map of the global geometry. By solving the obtained
differential equation, we show that the analytical limit of the
folded shape of the hypar origami, at any stage of its folding
process, is indeed a hyperbolic paraboloid, as its name suggests.
We also show that the same geometric limit holds true for general
pleated concentric squares with or without uniform offsets, such
as the ones shown in Fig. 1. Our analytical description explicitly
connects the global curvature and local folds, and helps us to
connect the mechanics of the hypar pattern with its geometry. It
is followed by a proof that the bistability of the hypar pattern
always exist when a few basic assumptions are satisfied. We build
both physical models and numerical models to verify the analy-
tical model. Although established based on simplifications, the
analytical model is able to accurately predict the actual geometry
and mechanical behavior of the hypar pattern. For the numerical
model, a bar-and-hinge reduced order model is used to conduct
nonlinear simulations, capturing the bistable snapping between
two symmetric stable states of folded hypar structures. Finally,
using this knowledge, we create a mechanical metasurface by
tessellating the hypar pattern to achieve programmable non-
Euclidean geometries.

Results

Analytical limit of the folded geometry. Once folded, the hypar
pattern buckles out of the plane into a saddle-shaped shell to
resolve the fundamental incompatibility between the in-plane
strain induced by folding and its three-dimensional embedding®2.
Each panel in the pattern is subjected to twisting along its
longitudinal direction2. Performing a simple surgery of cutting
one corrugation out, we observe an immediate release of the twist,
causing the corrugation to lose compatibility as we try to fit it
back onto the folded shell, as demonstrated by the insets in
Fig. 2a, b. The folded hypar sheet has two orthogonal symmetry
planes spanned by the diagonal creases, which divide the shell
into four symmetric pieces, each within a quadrant of the x, y-
plane. From a homogenized view of the global deformation, we

Fig. 1 The folded shapes of concentrically pleated square (and diagonals) models made by paper. From a far distance, the three structures look similar;
however, as we zoom in, we notice differences in their local patterns. a The saddle shape folded from the standard hypar pattern with uniform offsets
between squares, as indicated by the green marks. b The similar saddle shape folded from a functionally graded hypar pattern with increasing offsets from
the center to the outside. € The similar saddle shape folded from a random hypar pattern with random offsets between square creases. Perhaps this

explains the popularity of the hypar origami: it is beautiful, simple, and tolerates local geometrical variations (e.g., uniform, graded, and random offsets);

however, the global shape displays geometric invariance
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Fig. 2 Schematic of the global and local configurations of a hypar origami. a A surgery on the hypar origami takes out a twisted corrugation, which untwists
into a simple straight fold. The black arrows indicate surface normals. b We describe the global saddle shape of a hypar folded shell by the union of four
pieces of ruled surface subject to reflection symmetry. Each corrugation resembles a ruling fiber. A folded corrugation must be twisted to satisfy the global
compatibility constraint. The circular insets show a projection view looking through the longitudinal axis of a corrugation. ¢ Plan and elevation views of a
folded corrugation before twisting. The folding angle p, and two bending angles 6;, 8, are labeled. d The construction of curves & and . The black lines show
the folded diagonal creases of the hypar origami. e The analytical curves that relate the global geometry of a hypar origami measured by kr with the local
geometry of a corrugation measured by the folding angle p, opening angle y, and twisting angle y. Experimental and numerical data are sampled from the

scanned and simulated models, respectively

define a surface that describes the shape of the corrugated shell.
We cannot assume smoothness at the joint between any two
pieces of surface from adjacent quadrants due to the inherent
discrete nature of the square hypar. Nevertheless, within each
quadrant, the piece of surface is supposed to be a smooth ruled
surface bounded by two curves, which can be parametrized as:

X(r,t) = (1 = 6){(r) + (),

where {(r) and &(r) are curves lying on the symmetry planes
constructed approximately by the folded diagonal creases. The
straight corrugations resemble rulings.

The hypar origami is not rigid foldable based on its original
pattern3!. To analytically describe the geometry of each deformed
corrugation, we assume that the deformations are isometric, and
straight creases remain straight, which requires the introduction
of at least one additional diagonal pleat in each trapezoidal panel
to triangulate the pattern®3°. We adopt the alternating
asymmetric triangulation of Demaine et al.3! as it satisfies the
reflection symmetry required by our present analytical model (see
Supplementary Fig. 1). We parametrize a corrugation by one
folding angle p € [0, ] and two bending angles 6,, 6, € [0, 7],
considering panel width d and folding ridge length L, as shown in
Fig. 2c. The dimensionless width w = (d/L) of a corrugation
quickly vanishes away from the center. Denoting # as the number
of square creases counted from the center, for a standard hypar

0<t<1, (1)

pattern, we see that (d/L) = 1/(2n), regardless of the actual
dimension of the pattern. In the limit of w — 0, the twisting angle
y of a long corrugation becomes the average of 6, and 8,. Due to
orthogonality of the two symmetry planes, the virtual faces AABC
and AD’E'F’ must be perpendicular to each other (see Fig. 2).
Compatibility in radial directions further requires that 8, = 6,.
Detailed derivations are presented in Supplementary Note 1.
Thus we have

lin}) y=0,=20,, and lin}) cosy = cos*(p/2). (2)

The fact that 6, = 0, leads to AABC = AD’E'F’, which implies
that {(r) and &(r) have the same constituents at the outer rims,
and thus we may assume that {(r) and &(r) have the same shape,
but opposite orientations (see Fig. 2d). Eventually, the twisted
opening angle of a long corrugation (y’ in Fig. 2b) becomes

. .
&12}) cosy’ = cosy — 1. (3)

We remark that the same identities resulting from an
asymptotic analysis can be obtained using the other triangulation
scheme, i.e. the asymmetric triangulation®!. The same conclusion
based on the two triangulation schemes reveals that there are
fundamental constructions of the folded hypar pattern, which are
independent of local deformations between creases (i.e., within
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panels), as we take the limit to when each corrugation becomes a
fiber on the homogenized surface.

Choosing a convenient coordinate system as shown in Fig. 2a,
we simplify the parametrization of the surface in the first
quadrant to:

X(r,t)=Ttr, 1 —t)r, 2t = 1)&(r)], r >0,0<t <1, (4)

given &(r) = [r, 0, &(r)], where each entry denotes a Cartesian
component of a vector in real space. When w— 0, each
corrugation becomes an infinitesimally thin ruling fiber connect-
ing points M and N on the two bounding curves, respectively (see
Fig. 2b). Thus we realize that
M N
X?’ X?’ ~ €pp (5)
)
e [ e

where ej; denotes the vector from points Ito J (I, ] = A, C, D, F,
D', F, see Supplementary Fig. 2). The twisting angle y of a
corrugation is equal to the change of surface normal traveling
along the corresponding ruling. Thus, we obtain two identities
that relate the local geometry of corrugations with the global
geometry of the folded shell:

€ac

~
~

lleacll

(6)

The surface tangents and normals can be derived by
differentiating Eq. (4). Substituting Eq. (6) into Eq. (3), we
reduce the problem of finding the shape of a surface to solving an
ordinary differential equation (ODE) of the one dimensional
function &(r) (see Supplementary Note 2). The ODE reads

(2&(r) — r&'(r)) (2r8'(r)* + 3rE'(r) = 28(r)) =0, (7)

which is satisfied whenever either:

M, xN
cosy=n™.nN and cosy’ = %
r T

2§(r) —r€'(r) =0, (8)
or,
208 (r)? + 378 (r) — 2E(r) = 0. 9)
If Eq. (8) is zero, we obtain the elegant solution:
&(r) = ki, (10)

where k is an arbitrary real constant. Thus we obtain the surface
parametrization in the x, y, z coordinates as:

X(r,t) = [+tr, +(1—t)r,(2t — Dkr*], r >0, 0 <t < 1.

(11)

The signs of the x and y values have four different

combinations, covering the four quadrants of the x, y-plane.

Consequently, we can express the local folding angles as functions
of k and r, as shown in Fig. 2e.

The unexpected solution. A solution to Eq. (9) implies concavity
for increasing £ and convexity for decreasing &, as shown in Fig.
3a, which does not agree with our observations of the standard
hypar origami (that has a saddle shape). Interestingly, the unex-
pected shape is only achieved if we cut slits on the hypar pattern
to make it a kirigami, as shown in Fig. 3b-d.

Differentiating Eq. (9) with respect to r, we obtain

28'(r)? "(r
oy = P EC) )
3r28(r)" +1)

If &(r) = 0, any real solution to Eq. (9) leads to & <0, and thus
we get a concave function when £ is increasing; on the other hand,
& >0 if &(r) <0, and thus the function must be convex when &
decreases. We can solve the ODE in Eq. (9) numerically. An
example for £(1) = 1 is shown in Fig. 3a. Indeed, this solution

Fig. 3 Solution to ODE Eq. (9), and its realization. a A solution to Eq. (9)
solved numerically by assuming £(1) = 1. b-d By cutting slits on the hypar
crease pattern to make it a kirigami, we can realize the solution to Eq. (9),
which satisfies Eq. (3), but breaks the compatibility constraints. ¢ Top view
of the folded hypar kirigami. Slits are cut along the diagonals. Detailed view
of a slit is shown in the inset. d Side view of the folded hypar kirigami.
Diagonal creases approximate the solution of & given by Eq. (9)

arises from the fact that Eq. (3) is only a necessary condition to
the compatibility constraints. It is possible to satisfy Eq. (3),
without complying with the compatibility constraints that we
considered, by cutting slits on the crease pattern to make it a
kirigami. The hypar-based kirigami gains extra degrees of
freedom in folding and allows Eq. (3) to be satisfied, as
demonstrated in Fig. 3b. Therefore, a solution to Eq. (9) does
not describe the shape of a naturally folded hypar origami.

Invariance of the analytical limit. The configuration of a folded
hypar origami is drawn from Eq. (11), which is the solution of the
differential Eq. (8). We use symmetry to join the four pieces of
surface together—a serendipitous finding is that the surface
tangents and normals on the joint curves are consistent for any
two adjacent pieces. There is no kink on the entire surface of the
folded hypar shell, from a global homogenized viewpoint. How-
ever, Eq. (11) is not intuitive to interpret, as k and r change
simultaneously when tracking a point on the curve & Therefore,
we rewrite £ as a function of k and p, where p is the distance of a
point from the pattern centroid in the initial flat configuration,
which remains unchanged for each point on & (see Supplementary

Fig. 4). The new function, denoted as &, is given by (see Sup-
plementary Note 3):

~ 2k2 _
E(k,p) = —V8p+11.

W (13)

Accordingly, the hyperbolic paraboloid surface can be
reparametrized as:

/82 pr1-1

+ LN/ NOTE T
_ 2 k2 b
X(p,t) = | 4 1t VP p>0,0<t<1,  (14)
- 2 k ’
\/8pk2+1-1
(2t = 1) ¥Y=—r—

which maps p, t to the three-dimensional x, y, z-space, given
coefficient k. We find that z = k(x> — »?), indicating that the
hypar origami folds asymptotically to a smooth surface of
hyperbolic paraboloid, which is maintained along the whole
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Fig. 4 Folded configurations of three triangulated hypar origami with
different panel widths display invariant hypar geometry (same patterns as
in Fig. 1). The three origami patterns have the same number of square
creases (counted from the center outwards), denoted by n. Every other
square crease is a mountain, and thus there are 10 mountain creases in
total. Two panels on the both sides of a mountain crease are assigned the
same width. All three concentrically pleated origami can fold approximately
into the same hypar shape, as indicated by the red quadratic curves.

a Standard hypar pattern: panel width d is a constant for all corrugations.
b Functionally graded hypar pattern: panel width d increases as n increases.
¢ Random hypar pattern: panel width d is a random variable for each
corrugation. Since the hypar patterns are triangulated, folding is achieved
by rigid origami simulation3®. The left images show the 3D views of the
folded hypar origami. The middle images show the side views. The right
images present quantitative measures. The blue dots (each dot
corresponds to a mountain) in the charts show how (d/L) vanishes as n
increases. The green dots show the residual (or error) of Eq. (2) when n
is finite

folding process. Intuitively, the more a hypar pattern is folded, the
deeper the saddle, and the larger the k. This is quite a unique
feature, as other approaches of folding a flat sheet into a
hyperbolic paraboloid only guarantee to match the shape at a
specific transient time during folding®.

Moreover, the hyperbolic paraboloid shape is maintained as
long as the dimensionless width w of a corrugation vanishes away
from the center, regardless of the actual value of d. We can assign
non-uniform values to d, and still get a folded shape that
approximates a hyperbolic paraboloid. In Fig. 4, we use three
examples to illustrate this idea. In Fig. 4a, d is uniformly assigned
(standard hypar pattern); in Fig. 4b, d is gradually increasing
away from the center (functionally graded hypar pattern); in Fig.
4c, d is randomly assigned by a uniform distribution between two
bounding values, ensuring that w,,,, = (d,z/L) — 0 (random
hypar pattern).

Connecting geometry with mechanics. With an analytical
description of the global homogenized geometry of the hypar
pattern, we can associate the mechanical behavior of the pattern
with its geometry by expressing the system energy in terms of the
folding kinematics. First, let us consider how a hypar origami

folds into a stable saddle shape. We start from a flat hypar pat-
tern, and forcefully fold up the pattern. After the origami is folded
into shape, the folding creases undergo inelastic deformation,
which shifts the neutral (i.e., stress free) angles of the folding
hinges from zero to the angles at a folded state with shape
coefficient k=ky (see Eq. 10). However, the panels undergo
elastic deformation, as we observe that they return to the initial
flat configuration once cut out from a folded hypar origami. Thus,
we assume that the bending hinges still have their neutral angles
equal to zero, which corresponds to the state at k=0. A stable
configuration is drawn by minimizing the system total energy
(Er).

Because we assume isometry for the analytical model, we have
Er = Ep + Ep, where Ep denotes the folding energy and Ep
denotes the bending energy. To derive Eg and Ej, we need to draw
explicit maps between the global configuration and local angles.
For instance, we obtain (see Supplementary Note 3):

p = p(k,p) = cos* #—1 , (15)
V8K p? +1

B=pk,p) =m — 2sin”" L ,

14 /8k2p? + 1

(16)

6 =0(k,p) = cos* ( (17)

1
\/8k2p* + 1) ’
where the folding angles of the corrugation crease and the
diagonal crease are denoted as p and f, respectively (see
Supplementary Fig. 3), and 6 is the bending angle. Here we
adopt the k, p-parametrization for ease of comparison between
different folded states. We can then derive the folding and
bending energy as:

Ep=4 / :n[(\/fp)H‘é + e dp. (18)

Ey =4 / Pﬁ(ﬁp)Hﬁdp (19)

In Eq. (18), P defines the size of the pattern, # is determined by
the distribution of creases (see Supplementary Fig. 5), and (v/2p)
refers to the length of a corrugation crease in the limit of w — 0.
We define Hi(p(k,p)) and H€ (B(k,p)) as the stored energy
functions associated to folding of the corrugation creases and the
diagonal creases, respectively. As for the bending energy defined
in Eq. (19), H5(0(k, p)) is the associated stored energy function of
bending creases. We make the following basic assumptions:

IHE oMb
He >0, —E>0, F =0, (20)
= F)
8/3 ﬁ 18:.80
24P P
HE >0, 8—75%0, M| _ 0, (21)
W Py,
*HY oMY
0> B>0,—2| =o. 22
HY >0, 5 >0, =4 L 0 (22)

We define the neutral angles of 8, and pj as the folded angles at
state k =ko. The energy functions (18) and (19) allow us to
interpret the mechanical behavior of the hypar pattern. Since the
shape coefficient k appears in Eqgs. (18) and (19) in its quadratic
form (i.e., k%), we conclude that symmetry of system energy (with
respect to k) exists for k < 0 and k > 0. Furthermore, for 0 < k < ko,
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we find that 0E/dk < 0 when k — 0, and dE/dk > 0 when k = k,,.
Therefore, there must exist a local minimum of Er at 0 < k" < k.
Owing to the symmetry of system energy in k, there is another
local minimum of Ep at —ky < —k" < 0. As a result, the system is
guaranteed to exhibit bistability, and the two bistable states are
symmetric. The reader is referred to Supplementary Note 3 for
details of the derivation.

Physical shape of folded hypar origami. In reality, it is nearly
impossible to confine isometric deformations while folding a
hypar pattern due to the in-plane compliance of real materials.
However, as thin elastic sheets usually deform in near-isometric
states3”~3%, we find that the analytical result, based on isometric
folding, provides good approximations for the global and local
geometries of a hypar origami made with real materials.

To investigate the subtleties of this near-isometric behavior, we
fabricate two physical models with different thickness and capture
their shapes using a 3D scanner. To visualize their in-plane and
out-of-plane deformations, we compute the Gaussian curvature
(K) and mean curvature (H) of the scanned surfaces?0. For an
initially flat sheet, in the small strain limit, the energy associated
with stretching and bending increase with the magnitudes of K
and H, respectively3”-3%. The ratio of bending to stretching energy
for a thin elastic sheet is proportional to h23. Therefore, thinner
sheets favor less in-plane stretch than thicker sheets, as shown in
Fig. 5a-d, where the thicker panels display larger K, while the
thinner panels show larger H. In addition, stronger singular ridge
effect3®3? is found in the thinner origami. The twist of thinner
panels creates local wrinkles near the ends of long panels,
associated with zig-zag lines of Gaussian curvature concentration,
as shown in Fig. 5¢, d.

Closer examinations in Fig. 5e-i reveal that each panel displays
a dominant diagonal about which the panel bends more than the
other diagonal. Figure 5f, g is a schematic that shows the
difference between an isometrically deformed origami panel and a
non-isometrically deformed origami panel, assuming that straight
creases remain straight. An isometrically deformed origami panel
will display a single curvature because the Gaussian curvature is
zero everywhere inside the panel. On the other hand, a non-
isometrically deformed origami panel displays double curvature
(negative Gaussian curvature) because this deformation mode
stores less elastic energy. For the thinner panels as shown in Fig.
5h, by comparing the depth of bending (the black lines), we
identify obvious dominant diagonals (AE and E’C) that align with
the alternating asymmetric triangulation. In Fig. 5i, we also see
that the dominant diagonals are AE and E’C for the thicker hypar
model; however, the more in-plane deformation makes the
dominant out-of-plane bending diagonals less distinguishable as
in the thinner panels.

We collect positional information from the 3D images to
compare with the analytical predictions in Fig. 2e. We sample
coordinates of the mountain vertices to get estimates for the
coefficient k. We then pick the middle points of square creases to
form a zig-zag path (i.e., the green lines in Fig. 5e) to estimate the
folding angles (p) of the corrugations.

Folding and snapping by numerical simulations. To study the
mechanical behavior of the hypar origami considering non-
isometric deformations, we conduct nonlinear structural analyses
using the reduced order bar-and-hinge model (see Supplementary
Fig. 6)4142. Two numerical models are built for the cases of h =
76.2 um and h =127 um.

In the numerical simulation, we first fold up a flat pattern into a
folded state, and then shift the neutral angles of the folding hinges
accordingly, allowing the pattern to find a new equilibrium after

a

[
-3x107* 3x10°*

h=127 um

Fig. 5 Three-dimensional images of two hypar origami made with Mylar
sheets of different sheet thickness, h = 127 um (thick) and h = 76.2 pm
(thin). a, ¢ Gaussian curvature (K) maps. b, d Mean curvature (H) maps.
For both models, panel width d =8mm. Large K and H near the folded
creases are truncated in the maps, allowing us to visualize the small
curvature regions inside the panels. e The scanned 3D image of the thicker
hypar origami model (h = 127 pm). The green line connects middles points
of the long edges of the panels, which is used to estimate the folding angles
(p) of the corrugations. f Schematics for three different views of an
isometrically deformed panel: isometric projection and two projections
looking through each diagonal respectively. The deformed shape displays a
singly curved shape with curvature concentrated along one diagonal.

g Schematics for different views of a non-isometrically deformed panel that
involves in-plane stretching. The deformed shape displays a doubly curved
shape with bending along both diagonals. There could be one dominant
diagonal about which the panel bends more than the other. h Projections of
panels ABE'D’ and BCF'E’ looking through the diagonals, from the thicker
hypar origami model. i Projections of panels ABE’'D’ and BCF'E’ looking
through the diagonals, from the thinner hypar origami model
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Fig. 6 Snapping of the hypar origami. a Snapshots picturing the snapping process of a Mylar-made physical model of thickness h=76.2 um (see
Supplementary Movie 1). We show four frames along the process, in which t indicates the frame time relative to the first one. b Frames taken from
numerical simulation of the snapping process, using the thinner model (h = 76.2 um) as an example (see Supplementary Movie 2). To simulate the
snapping, we apply equal magnitude forces following the red arrows. € The changing profile of one set of diagonal creases that approximates the curve &
with varying curvature and projection distance r. d Stored energy vs. displacement (u) plot. Contributions from three deformation modes: folding (Ep),
bending (Ep), and stretching (Es) are distinguished. e Force magnitude (F) vs. displacement (u) plot from numerical analysis, where u is illustrated in
b. f The Green-Lagrange strain (e17) in two bar elements. Bar #1 represents a central crease, and bar #2 represents an outermost panel edge, as indicated in
b. Negative values refer to compression. g Comparison of the system total energy (E1) as a function of k computed by the analytical model and the
numerical model. The black arrows indicate the loading direction. Notice that here the solid line refers to the analytical prediction. h Comparison of each
individual energy component (i.e. E¢, Eg) computed by the analytical model and the numerical model. Notice that the analytical model ignores in-plane

deformation and its associated energy Es

releasing the applied folding forces (see Supplementary Fig. 7 and
Supplementary Movie 3). Comparing the equilibrium configura-
tions of both numerical models with the analytical prediction, we
find good agreement as shown in Fig. 2e. Eigenvalue analysis on the
stiffness matrix at the equilibrium configuration of the thinner
model shows that the hypar folding mode possesses a much lower
energy cost than other deformation modes, ~5% to the next
smallest eigenvalue, which is an evident implication that the non-
rigid hypar pattern has nearly a single degree of freedom. Zooming
into each panel, both models display dominant bending diagonals
forming the alternating asymmetric triangulation (see Supplemen-
tary Fig. 8), agreeing with the experiments.

The snapping between the two stable states is a rapid process,
which happens with the blink of an eye (0.1-0.4 s*3), as captured

in Fig. 6a. Our numerical simulation captures this bistable
snapping in a quasi-static manner, and the results are presented
in Fig. 6b-f. The change of stored energy during the snapping
deformation is compared to the analytical prediction, i.e. Egs.
(18) and (19), in Fig. 6g, h, using the same constitutive models for
folding and bending hinges as used in the bar-and-hinge model
(see Supplementary Note 4). We obtain very nice agreement: the
folding energy matches almost perfectly; the bending energy is
overestimated, but it is because, by construction, the numerical
model has richer kinematics than the analytical model, as the later
ignores in-plane deformation and its associated energy Es. The
snapping process does not require the pattern to be completely
flattened, owing to the presence of in-plane deformation. We
observe severe tension in the central region and strong
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Fig. 7 Multistable hypar origami tessellation built from a 2 x 2 array of hypar origami unit. a The crease pattern on a single sheet. b The convention of (+)
and (—) states for each hypar origami unit. The blue edges are shared edges between adjacent units. ¢ Complete chart of the 32 stable states. On the left
side, there are 16 states when the middle vertex is in a pop-up state. On the right, the middle vertex is in a pop-down state. On either side, each row lists
configurations that are identical to each other after rotations. d The six unique stable states, up to rotational symmetry, when the middle vertex is in a pop-
up state. e The six unique stable states, up to rotational symmetry, when the middle vertex is in a pop-down state. The corresponding pairs of

configurations in d, e, as indicated by the double arrows, lead to the same global geometry if one is flipped over (upside down). We can encode each state
by five symbols, as labeled in d, e. The sign in the parenthesis indicates the state of the middle vertex, and the other four refer to the four hypar origami
units. Since the hypar metasurface is rotationally symmetric, only the relative order of the last four signs affects the geometry. Accordingly, when all signs

in a code become opposite, the global configuration is flipped over

compression at outer rims (see Fig. 6f). The outermost panels of a
physical model often exhibit compressive buckling during the
snapping, especially with relatively soft materials such as paper34.

The bistable snapping of the hypar origami produces two stable
states that are symmetric to each other, as the analytical model
predicts. The mountain-valley assignment also remains the same
before and after snapping. We observe that the angles of the
folding hinges of the hypar origami remain the same at both
stable states, as shown in Supplementary Fig. 8. However, each
individual panel reverses its twisting directions during the
snapping. On the contrary, most bistable origami structures
display distinct global configurations at their bistable states, such
as the square twist origami*? and the Kresling pattern!®.

Hypar tessellation with many stable states. If we assemble
several copies of the hypar pattern in a planar array, then after
folding, we obtain origami metasurfaces that exhibit multiple
stable states. In Fig. 7, we demonstrate this idea by assembling a
2 x 2 array of hypar patterns, known as the 4-hat*4, whose crease
pattern is shown in Fig. 7a. This metasurface has 32 stable states,

8

which is doubled the binary combinations of bistable units (i.e.,
24 = 16). The reason is because when we put four hypar origami
together, globally they form a vertex of positive Gaussian curva-
ture in the center, as indicated by the gray circles in Fig. 7c, which
can either pop-up (+) or pop-down (—). Hence, we create an
origami metasurface that has 2(2%) = 32 stable states. Among the
32 stable states, 12 of them are unique up to rotational symmetry,
and 6 of them are distinct in terms of approximate global shape.
This idea can lead to programmable metasurfaces and metama-
terials, which may have important applications in energy trap-
ping*®, and micro electronic devices’.

Discussion

Our study shows that folding concentrically pleated squares
produces shapes that asymptotically approach smooth hyperbolic
paraboloids. Such a global saddle shape is strongly constrained by
geometry and quite robust to some variations of the crease pat-
tern (see Figs. 1 and 4). Implied by our study, a unique feature of
the hypar origami is that throughout its folding process, the
folded geometry is always a hyperbolic paraboloid, except for
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different shallowness, which can be very useful for optical
applications*6, We further prove that the bistability of the hypar
origami exist unconditionally to produce two symmetric stable
configurations, when a few basic assumptions are satisfied. Our
theoretical analysis is verified by experiments and numerical
simulations.

Along with previous work on circular curved folds our
study proposes an analytical framework for homogenizing non-
periodic local folds to establish a differential map of the global
geometry, which can be used as a basis to investigate other cor-
rugated origami shells, such as concentrically pleated patterns
with polygonal outlines. Furthermore, we provide an example in
the use of the hypar pattern as a bistable constituent in a mul-
tistable metasurface. In fact, recent papers*’:4% have pointed out
an observable paradigm shift, away from avoiding instabilities to
harnessing instabilities, which could be explored with the hypar
origami. In summary, we offer an example of bistable behavior
that emerges inherently from the geometry of folding.

12,13
b

Methods

Fabrication and testing of physical samples. The two physical models are made
of Mylar sheets with two different thicknesses (h): 127 um (0.005 inch) and 76.2 pm
(0.003 inch). We use Mylar sheets instead of regular paper because it has a more
homogeneous and isotropic elastic behavior. The average modulus of elasticity of
the Mylar material for all directions is Y =5 GPa (725 ksi), and we assume the
Poisson’s ratio to be v =0.35. The size of the models are characterized by panel
width d =8 mm. The predefined creases are perforated by slots, whose lengths add
up to approximately one half of a crease. We use a Silhouette CAMEO machine
(Silhouette America Inc., Utah) to prepare the perforated patterns. The two pat-
terns are then gently hand folded to similar shapes. We use a hand-held 3D scanner
(Artec Spider Scanner, Artec 3D, Luxembourg) that provides three-dimensional
images with resolution up to 0.1 mm. In reference to Fig. 5, we crop one corru-
gation (two adjacent panels) from each of the scanned surfaces of the thicker
and thinner model, and compute the average Gaussian curvatures inside the
panels. The average Gaussian curvature of the thicker corrugation is equal to
—1.0135 x 10~4, while the average Gaussian curvature of the thinner corrugation
is —0.9589 x 1074, i.e., a negative value with smaller magnitude, verifying that the
thinner panels favor less in-plane stretch.

Numerical simulations. The numerical simulations are performed using the
MERLIN software*2, which implements the bar-and-hinge model for nonlinear
analysis of origami structures*¥2. A nonlinear elastic formulation describes the
constitutive behavior of each element in the model*>4°. Please see the Supple-
mentary Note 4 for more details on the bar-and-hinge model and the nonlinear
elastic formulation. The nonlinear equilibrium problem is solved by the Modified
Generalized Displacement Control Method, which is able to trace highly nonlinear
equilibrium paths®®. We discretize a quadrilateral panel into four triangles, and
represent the origami behavior by capturing three essential deformation modes:
folding, panel bending, and stretching.

Data availability
The authors declare that the data generated or analyzed during this study are included in
this article and its supplementary files.

Code availability
The MERLIN software (MATLAB code) used for the numerical simulations in this article
is available at http://paulino.ce.gatech.edu/software.html.

Received: 22 January 2019 Accepted: 23 July 2019
Published online: 17 September 2019

References

1. Liang, H. & Mahadevan, L. Growth, geometry, and mechanics of a blooming
lily. Proc. Natl Acad. Sci. USA 108, 5516-5521 (2011).

2. Sharon, E,, Roman, B., Marder, M., Shin, G. & Swinney, H. Buckling cascades

in free sheets. Nature 419, 579-579 (2002).

Savin, T. et al. On the growth and form of the gut. Nature 476, 57-62 (2011).

4. Tallinen, T. et al. On the growth and form of cortical convolutions. Nat. Phys.
12, 588-593 (2016).

e

11.

12.

13.

14.

15.

16.

17.

18.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
34,

35.

36.
37.

38.

39.

Klein, Y., Efrati, E. & Sharon, E. Shaping of elastic sheets by prescription of
non-euclidean metrics. Science 315, 1116-1120 (2007).

Koo, W. H. et al. Light extraction from organic light-emitting diodes enhanced
by spontaneously formed buckles. Nat. Photon. 4, 222-226 (2010).

Rogers, J., Huang, Y., Schmidt, O. G. & Gracias, D. H. Origami MEMS and
NEMS. MRS Bull. 41, 123-129 (2016).

Dudte, L. H., Vouga, E., Tachi, T. & Mahadevan, L. Programming curvature
using origami tessellations. Nat. Mater. 15, 583 (2016).

Tachi, T. Freeform variations of origami. J. Geom. Graph. 14, 203-215 (2010).
Tachi, T. Origamizing polyhedral surfaces. IEEE Trans. Vis. Comput. Graph.
16, 298-311 (2010).

Mouthuy, P.-O., Coulombier, M., Pardoen, T., Raskin, J.-P. & Jonas, A. M.
Overcurvature describes the buckling and folding of rings from curved
origami to foldable tents. Nat. Commun. 3, 1290 (2012).

Dias, M. A. & Santangelo, C. D. The shape and mechanics of curved-fold
origami structures. EPL 10, 54005 (2012).

Dias, M. A,, Dudte, L. H., Mahadevan, L. & Santangelo, C. D. Geometric
mechanics of curved crease origami. Phys. Rev. Lett. 109, 114301 (2012).
Schenk, M. & Guest, S. D. Geometry of Miura-folded metamaterials. Proc.
Natl Acad. Sci. USA 110, 3276-3281 (2013).

Filipov, E. T., Tachi, T. & Paulino, G. H. Origami tubes assembled into stiff,
yet reconfigurable structures and metamaterials. Proc. Natl Acad. Sci. USA
112, 12321-12326 (2015).

Pratapa, P. P., Liu, K. & Paulino, G. H. Geometric mechanics of origami
patterns exhibiting Poisson’s ratio switch by breaking mountain and valley
assignment. Phys. Rev. Lett. 122, 155501 (2019).

Zhou, X., Zang, S. & You, Z. Origami mechanical metamaterials based on the
Miura-derivative fold patterns. Proc. R. Soc. A 4720, 20160361 (2016).

Li, S, Fang, H. & Wang, K. W. Recoverable and programmable collapse
from folding pressurized origami cellular solids. Phys. Rev. Lett. 117, 114301
(2016).

Zhai, Z., Wang, Y. & Jiang, H. Origami-inspired, on-demand deployable and
collapsible mechanical metamaterials with tunable stiffness. Proc. Natl Acad.
Sci. 115, 2032-2037 (2018).

Liu, B. et al. Topological kinematics of origami metamaterials. Nat. Phys. 14,
811-815 (2018).

Waitukaitis, S., Menaut, R., Chen, B. G.-g. & van Hecke, M. Origami
multistability: from single vertices to metasheets. Phys. Rev. Lett. 114, 055503
(2015).

Silverberg, J. L. et al. Origami structures with a critical transition to bistability
arising from hidden degrees of freedom. Nat. Mater. 14, 389-393 (2015).
Lechenault, F. & Adda-Bedia, M. Generic bistability in creased conical
surfaces. Phys. Rev. Lett. 115, 235501 (2015).

Saito, K., Nomura, S., Yamamoto, S., Niiyama, R. & Okabe, Y. Investigation of
hindwing folding in ladybird beetles by artificial elytron transplantation and
microcomputed tomography. Proc. Natl Acad. Sci. USA 114, 5624-5628
(2017).

Walker, M. G. & Seffen, K. A. On the shape of bistable creased strips. Thin-
Walled Struct. 124, 538-545 (2018).

Zhang, Y. et al. A mechanically driven form of Kirigami as a route to 3D
mesostructures in micro/nanomembranes. Proc. Natl Acad. Sci. USA 112,
201515602 (2015).

Overvelde, J. T. et al. A three-dimensional actuated origami-inspired
transformable metamaterial with multiple degrees of freedom. Nat. Commun.
7, 10929 (2016).

Yasuda, H., Tachi, T., Lee, M. & Yang, J. Origami-based tunable truss
structures for non-volatile mechanical memory operation. Nat. Commun. 8,
962 (2017).

Dias, M. A. & Audoly, B. A non-linear rod model for folded elastic strips. J.
Mech. Phys. Solids 62, 57-80 (2014).

Wingler, H. M. Bauhaus: Weimar, Dessau, Berlin. (MIT Press, Chicago, 1969).
Demaine, E. D., Demaine, M. L., Hart, V., Price, G. N. & Tachi, T. (non)
existence of pleated folds: How paper folds between creases. Graphs Comb. 27,
377-397 (2011).

Seffen, K. A. Compliant shell mechanisms. Philos. Trans. R. Soc. Lond. A
Math., Phys. Eng. Sci. 370, 2010-2026 (2012).

Hull. T. Project Origami (CRC Press, 2012).

Filipov, E. T. & Redoutey, M. Mechanical characteristics of the bistable
origami hypar. Extrem. Mech. Lett. 25, 16-26 (2018).

Wei, Z. Y., Guo, Z. V., Dudte, L., Liang, H. Y. & Mahadevan, L. Geometric
mechanics of periodic pleated origami. Phys. Rev. Lett. 11, 215501 (2013).
Tachi, T. Simulation of rigid origami. Origami 4, 175-187 (2006).

Calladine, C. R. Theory of Shell Structures. (Cambridge University Press,
1983).

Lobkovsky, A. Boundary layer analysis of the ridge singularity in a thin plate.
Phys. Rev. E 53, 3750-3759 (1996).

Witten, T. A. Stress focusing in elastic sheets. Rev. Mod. Phys. 79, 643-675
(2007).

| (2019)10:4238 | https://doi.org/10.1038/s41467-019-11935-x | www.nature.com/naturecommunications 9



ARTICLE

40. Do Carmo, M. P. Differential Geometry of Curves and Surfaces. (Prentice-Hall,
1976).

41. Filipov, E. T., Liu, K., Tachi, T, Schenk, M. & Paulino, G. H. Bar and
hinge models for scalable analysis of origami. Int. J. Solids Struct. 124, 26-45
(2017).

42. Liu, K. & Paulino, G. H. Nonlinear mechanics of non-rigid origami: an
efficient computational approach. Proc. R. Soc. A 473, 20170348 (2017).

43. Schiffman, H. R. Sensation and Perception: An Integrated Approach. 5th edn.
(Wiley, 2001).

44. Demaine, E. D., Demaine, M. L. & Lubiw, A. Polyhedral sculptures with
hyperbolic paraboloids. In Proc. 2nd Annual Conference of BRIDGES:
Mathematical Connections in Art, Music, and Science. 91-100 (Bridges
Conference Winfield, 1999).

45. Che, K, Yuan, C, Wu, ], Qi, H. J. & Meaud, J. 3D-printed multistable
mechanical metamaterials with a deterministic deformation sequence. J. Appl.
Mech. 84, 011004 (2017).

46. Wilson, R. N. Reflecting Telescope Optics I: Basic Design Theory And Its
Historical Development. 2nd edn (Springer Verlag, 1996).

47. Reis, P. M. A perspective on the revival of structural (in)stability with novel
opportunities for function: from buckliphobia to buckliphilia. ASME J. Appl.
Mech. 82, 111001 (2015).

48. Kochmann, D. M. & Bertoldi, K. Exploiting microstructural instabilities in
solids and structures: From metamaterials to structural transitions. ASME
Appl. Mech. Rev. 69, 050801 (2017).

49. Crisfield, M. A. Non-Linear Finite Element Analysis of Solids and Structures,
Volume 1: Essentials. (Wiley, 1996).

50. Leon, S. E., Lages, E. N, de Aratjo, C. N. & Paulino, G. H. On the effect of
constraint parameters on the generalized displacement control method. Mech.
Res. Commun. 56, 123-129 (2014).

Acknowledgements

We thank the support from the US National Science Foundation (NSF) through grant
n0.1538830, the China Scholarship Council (CSC), and the Raymond Allen Jones Chair
at Georgia Tech. The authors would like to extend their appreciation to Mrs. Emily D.
Sanders for helpful discussions which contributed to improve the present work.

Author contributions

K.L, T.T. and G.H.P. designed the research. K.L. performed theoretical development,
experiments, and numerical simulations. T.T. and G.H.P. provided guidance throughout
the research. All the authors participated in manuscript writing and reviewed the
manuscript.

Additional information
Supplementary Information accompanies this paper at https://doi.org/10.1038/s41467-
019-11935-x.

Competing interests: The authors declare no competing interests.

Reprints and permission information is available online at http://npg.nature.com/
reprintsandpermissions/

Peer review information Nature Communications thanks the anonymous reviewer(s) for
their contribution to the peer review of this work. Peer reviewer reports are available.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

Open Access This article is licensed under a Creative Commons

=Y Attribution 4.0 International License, which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made. The images or other third party
material in this article are included in the article’s Creative Commons license, unless
indicated otherwise in a credit line to the material. If material is not included in the
article’s Creative Commons license and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this license, visit http://creativecommons.org/
licenses/by/4.0/.

© The Author(s) 2019

10 | (2019)10:4238 | https://doi.org/10.1038/541467-019-11935-x | www.nature.com/naturecommunications



